Retarders are commonly constructed by use of the anisotropic property of birefringence exhibited by certain crystals (e. g., quartz) or are based on total internal reflection (the Fresnel rhomb). ' In this paper, we consider the design of a different class of retarders, based on external reflection from a film-substrate system. Although these retarders attenuate the incident light to a certain extent, it is expected that such attenuation can be tolerated in many situations.
2 The film-substrate external-reflection retarder has been suggested recently 3 ; here, we elaborate on this interesting device. 4 These retarders should prove to be particularly useful in wavelength regions (e. g., vacuum uv) where materials of good optical quality necessary for the construction of conventional retarders are not readily available.
Although we examine one film-substrate system (SiO 2 -Si)
as an example and assume a single. reflection, the considerable amount of control provided by the choice of materials and the number of reflections will make possible designs of greatly improved performance. This subject is currently under investigation.
Operation of a given film-substrate system with known optical properties and film thickness as a reflection retarder is discussed. A simple method to determine the angles of incidence (if any) at which this mode of operation is possible, and the associated retardation angles, is given. The concept of permissible-thickness bands and forbidden gaps for operation of a film-substrate system as a reflection retarder is also presented.
The experimental results obtained on one of the proposed designs are reported. The results confirm the proposed design.
I. DESIGN PROCEDURE FOR FILM-SUBSTRATE SINGLE-REFLECTION RETARDERS
A specified value of the ellipsometric function p, the ratio of the complex amplitude-reflection coefficients R. and R. for light polarized parallel (p) and perpendicular (s) to the plane of incidence, can be realized at a given wavelength by the design of a film-substrate system with known optical constants (see Fig. 1 ). The design is aimed at finding the least film thickness d' and angle of incidence 4)' at which the given system has the prespecified value of p, leading to a particular reflection-type optical device.
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In this section, we will outline the design steps of reflection retarders; we will discuss the choice of designs for angle-of-incidence-tunable retarders in Sec. III. We take SiO 2 -Si as an example of a film-substrate system and choose the wavelength of operation 6328 A for its wide availability. The refractive indices of SiO 2 and Si at 6328 A are N, = 1. 46 and N 2 = 3. 85 -j0. 02, respectively. 5 The design procedure is general and can be applied at other wavelengths and to other materials; it is also applicable, with minor modification, 6 to the design of any reflection-type optical device.
We summarize the design steps for a transparent film on an absorbing-substrate single-reflection retarder:
(1) From the desired retardation angle A calculate p= e (1) (2) Plot the quantity 1 -IXI as a function of the angle of incidence 4), by use of the value of p obtained in step 1, where X is the thickness complex-exponential func- 
where
D>. is the film-thickness period evaluated at 4', and m is an integer that can be chosen to obtain the film thickness in the required range. For the retardation angle A = 300, we found that the least film thickness equals The values of A = 00 and A = ± 1800 were excluded from the calculations, and are not given in Table I , because A =00 occurs at all film thicknesses at grazing incidence (4) =90') and A=± 1800 occurs at all film thicknesses at perpendicular incidence (4 = 0°). image of the other. The reflectances asymptotically approach unity at A= 0, which should take place at grazing incidence.
III. ANGLE-OF-INCIDENCE-TUNABLE RETARDERS
The difference between the smallest and largest film thicknesses required for operation of the Si-SiO 2 system as an exact reflection retarder over the range 00 <A<+ 1800 at 6328 A is approximately 150 A (see Fig. 4 ). This suggests that an angle-of-incidencetunable retarder is feasible, by choice of one of the designs for positive retardations A in Table I . (Because this difference of film thickness is relatively small, an error in oxidizing the silicon wafer to the desired thickness of the SiO 2 film will only change the .,0 Left: ellipsometric angle P (in degrees) vs angle of incidence ( (in degrees). Middle: ellipsometric angle A (in degrees) vs angle of incidence ¢ (in degrees). This is the retarder's tuning curve. Right: p and s reflectances Ap (A) and 6R, (0) vs angle of incidence 0 (in degrees), respectively.
angle of incidence 4' at which the system operates as an exact retarder. ) In fact, any of the designs in Table I will operate as an angle-of-incidence-tunable reflection retarder with an acceptable error over a wide range of (P. It seems logical to consider a film whose thickness As can be appreciated from Table I , the difference between the smallest and largest film thicknesses required for the system to operate as exact reflection retarders over the range -1800 <Ai <00 is relatively large, 650 A. Therefore, there is no suitable film thickness at which the system can operate as an angleof-incidence-tunable retarder, over a wide range of 4, with a reasonable error.
By study of the behavior of all of the designs, we can select some that are more suitable than others as angleof-incidence-tunable retarders.
10 The 4-q5 curves for each of the designs of Table I, of-incidence-tunable retardation will be obtained for the designs listed in Table I with 00 <A<+ 1800. Therefore, a small error of film thickness can be tolerated.
The choice of an angle-of-incidence-tunable design, for a certain range of angle of incidence, can be based on the criterion of minimum-maximum error (MME) of the ellipsometric angle p. This error (0 -45°)
should not exceed a prespecified value. [0 is related to the ratio of the p and s reflectances 6tp and (R% by 4=tan-1 ((Rp/61s)1/2]. We determined the film thickness values that lead to 4 -MME over the angle of incidence ranges 00-450, 450°-900, and 0°-90°. The results are summarized in Table II . The performance curves of the designs of Table II are shown in Figs. 9 and 10. Figure 9 shows, from left to right, the 0-4, curve, the A-4¢ tuning curve, and the reflectances 6p-and 61,-O curves for d=981.01 A, respectively. Figure 10 shows the corresponding curves for d= 1041.1 A.
Other criteria for screening the angle-of-incidencetunable retarder designs such as the rate of change of the ellipsometric angles 4 and A with respect to the film thickness d and angle of incidence 4, 8/a8d, BA/ad; Also under investigation is the effect of other choices of film and substrate materials as well as the use of two or three reflections to maintain the parallelism or collinearity between the light beams incident on and emergent from the retarder.
IV. OPERATION OF A GIVEN FILM-SUBSTRATE SYSTEM WITH KNOWN OPTICAL CONSTANTS AND FILM THICKNESS AS AN EXACT REFLECTION RETARDER
The unit circle U in the complex p plane is the locus of all possible reflection retarders for any film-substrate system. If the constant-thickness contour (CTC) for a given value of film thickness intersects the unit circle U, then at the angles of incidence at the intersection points the given film-substrate system will operate as an exact reflection retarder with different retardations. Figure 1 in the p plane is a closed curve U' in the ¢-d plane.
The image of any CTC in the reduced thickness range 0• d < Do is obtained very simply by subtracting from the given film thickness d= const (assumed greater than Do) the appropriate multiple of the film-thickness period Do, at eachangle of incidence p inthe range 00 ° < 0 goo.
Curve A' in Fig. 11(left) is the image of the CTC A in Fig. 11(right) , d=18700 A. The images U' and A' of both the unit circle U and the CTC A intersect one another at the points U1, U 2 , U 3 , U 4 , U 5 , and U 6 . The corresponding angles of incidence" are Of=9. 8130, 0'=18.3750, (P =43.875°, cP =48.75°, 45=69.375 12 Therefore, at this film thickness, the system cannot operate as an exact reflection retarder at any angle of incidence. This implies the existence of ranges of film thickness for which the mode of operation as an exact reflection retarder is possible, separated by gaps for which it is not. For the Si-SiO2 system at 6328 A the permissible-thickness bands are shown in Table III in addition to the sign of the possible retardation angles A in each band. Table IV gives the forbidden-thickness gaps and their widths. Table HI or IV, we can immediately determine if at a certain film thickness the film-substrate system can operate as an exact reflection retarder, or not. Figure 12 shows a schematic diagram of the permissible-thickness bands and the forbidden-thickness gaps. (McGraw-Hill, New York, 1975) . 2 The magnitude of the attenuation is independent of the incident polarization. Am. 65, 252 (1975) .
results of the film-substrate single-reflection retarder designs has shown that the mirror symmetry of the two branches B* and B-occurs exactly only when the substrate is totally transparent. Deviation from exact symmetry increases with substrate absorption. i 0 Angle-of-incidence-tunable retarders are those with the least thickness.
By adding multiples of Do, the performance of the retarder gets worse, refer to Fig. 11 (left).
' 1 An alternative procedure would be to add the appropriate multiple of D., at each (, to the image of the unit circle and to obtain the intersection points of this vertically translated image with the straight line d = const. In general, the first method is more convenient. N 2 The existence of exact reflection-retardation modes depends, for a particular system at a given wavelength, on the film thickness only. i3dmi. and d4, are obtained by extrapolation to A= O° and A=+18 0 ' of the branches shown in Fig. 4 .
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